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ABSTRACT: We construct a Q = 1 supersymmetry and U(1)® global symmetry preserving
deformation of the type IIB matrix model. This model, without orbifold projection, serves
as a nonperturbative regularization for N’ = 4 supersymmetric Yang-Mills theory in four
Fuclidean dimensions. Upon deformation, the eigenvalues of the bosonic matrices are
forced to reside on the surface of a hypertorus. We explicitly show the relation between
the noncommutative moduli space of the deformed matrix theory and the Brillouin zone of
the emergent lattice theory. This observation makes the transmutation of the moduli space
into the base space of target field theory clearer. The lattice theory is slightly nonlocal,
however the nonlocality is suppressed by the lattice spacing. In the classical continuum
limit, we recover the A" =4 SYM theory. We also discuss the result in terms of D-branes

and interpret it as collective excitations of D(-1) branes forming D3 branes.
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1. Introduction

The study of supersymmetric deformations of the type IIB matrix model (or IKKT ma-
trix model [fl]) is interesting both from the field theory and string theory points of view.
The deformations may alter the classical moduli spaces into noncommutative spaces, and
hence, may form a bridge between zero dimensional, finite rank matrix theories and higher
dimensional regularized quantum field theories. In this work, we show such a correspon-
dence between a Q = 1 supersymmetry and U(1)® global symmetry preserving deformation
of type IIB matrix model, and N/ = 4 supersymmetric Yang-Mills theory in four dimen-
sions. Mainly, the deformed type IIB matrix model serves as finite N, matrix regularization
(which will be shown to be equivalent to a lattice regularization), where N, is the number
of colors, for N' = 4 supersymmetric Yang-Mills theory in four dimensions. This con-
struction can be thought as supersymmetric generalization of the relation between twisted
Eguchi-Kawai (TEK) and four dimensional lattice gauge theory [B, {.

The essential point of the construction is the relation between two seemingly different
concepts. The noncommutative moduli space of vacua, which is the zero action configura-
tion of the deformed bosonic action, and the noncommutative base space, the space that



the target field theory lives in. In the type IIB theory without deformation, the eigenvalues
of the bosonic matrices can be anywhere in the moduli space. The deformations, that will
be considered in this paper, alter the structure of moduli space in such a way that the
eigenvalues of bosonic matrices are forced to reside on the surface of a four dimensional
hypertorus, T%. This is essential for the emergence of four dimensional spacetime and will
be discussed in detail in sections B and ..

In the description of the deformed type IIB action in section ], we use the notation
introduced in [[f], which makes the SU(5) x U(1) subgroup of global SO(10) R-symmetry
and Q = 1 supersymmetry manifest. Therefore, we use five complex matrices 2" and their
hermitian conjugates Zz,, as the bosonic degrees of freedom instead of ten bosonic hermitian
matrices. This notation is more akin to our four dimensional habits and the bosonic action
becomes just a sum of D-term and F-terms, which are derivatives of superpotential. The
bosonic action of the deformed type IIB matrix model is given by

5 2 5
Shosonic = T—; B( Z[Zm,zm]> + Z |emi®mn/25 = ei®mn/2 5 2 12 (1)
g m=1 m#£n=1

where the antisymmetric phase matrix ®,,, are the deformation parameters. This change
in the action may be considered as the deformation of the “superpotential”. The action
eq. ([L.]) may be obtained by the dimensional reduction of the four dimensional hypercubic
lattice action of ' =4 SYM to zero volume (a point) upon the use of twisted boundary
conditions. The phases ®,,,, where p,v =1, ..., 4, are associated with electric and magnetic
background fluxes [f] and ® us = — Zizl ®,,. We will show that a two parameter family of
deformation which, for example, corresponds to electric and magnetic fields in z-direction,
suffices to generate the target NV = 4 theory ! .

The technique described here is different from the recent constructions of lattice regu-
larization for extended supersymmetric Yang-Mills theories [[]-[[J, fl] and deconstruction
of six dimensional theories [[4, [[§]. The current approach does not require orbifold pro-
jection of a mother theory. As it will be shown explicitly, the deformation of the mother
theory becomes the lattice regularization. Recall that the orbifold projected matrices are
sparse and encode a commutative spacetime lattice. In our approach the spacetime lattice
is generated by the zero action configurations of the deformed type IIB matrix model and
there are no constraints on our matrix variables. Similarly, based on [L1] and [[id, f,
the lattice action for noncommutative counterparts of the extended supersymmetric gauge
theories are also constructed, by using orbifolds with discrete torsion, in [[[7 for spatial
and [[[§] for Euclidean two dimensional lattices. (For recent progress and independent ap-
proaches on supersymmetric gauge theories on lattice, also see [19, RQ]. For a review on
discrete torsion, see [PI] and the references in [[§))

To show the equivalence of the deformed type IIB matrix model to the four dimensional
theory on a discrete torus, we decompose the bosonic matrices into a background and fluc-
tuations around it. By using the background field techniques, it is possible to exhibit that

IThis type of deformation appeared in the EK context under the rubric “twisting” [E, E, ﬂ], and in the
context of supersymmetric gauge theories in four dimensions as a marginal deformation of superpotential
(as B deformation) of N/ = 4 theory to N' =1 (see for example [E,E])



the fluctuations around the zero action configurations can be identified as a lattice action
on a four dimensional discrete torus. This action has many parallels to the lattice action in
ref. [f]. The main difference with respect to the action in [ff] is the noncommutativity of
the base space lattice, which can be traded with the nonlocalness of the interactions. How-
ever, we show that two types of finite-volume continuum limits are possible. In a particular
scaling of the deformation parameter (in which the noncommutativity length tends to zero
with respect to the linear extent of the box), the interaction localizes in the position space
and the outcome is ordinary local field theory. In the limit where the noncommutativity
length is nonvanishing, the outcome is nonlocal N’ =4 SYM.

It is also possible to interpret the result of this paper within string theory. The main
result can be understood as a collective excitation of a finite number of D(-1)-branes to gen-
erate discretized D3-brane(s) wrapped on a four dimensional hypertorus. Notice that we
do not use compactification (see [R7 for a review) to generate the higher dimensional the-
ory. Also, our D(-1)-brane configurations are inherently different from the BPS-saturated
backgrounds discussed in [PJ] , which have typically finite action and are unstable at finite
N.. We discuss this direction briefly in section [|. The rest of the paper is organized as
follows: In section ] and appendix [A], we set the notation and derive the deformed type IIB
action. In section fl, we analyze the noncommutative moduli space and make the relation
with TEK more explicit. In section i, we show that the the deformed type IIB action can
be rewritten as a lattice action and obtain the classical continuum limit.

2. The type IIB matrix model and its supersymmetric deformations

The type IIB matrix model can be obtained by the dimensional reduction of the ten di-
mensional N' =1 U(N,) supersymmetric Yang-Mills theory to zero dimension. The theory
possess a Gr = SO(10) global R-symmetry, inherited by the (Euclidean) Lorentz sym-
metry of the ten dimensional theory. The bosonic and fermionic degrees of freedom of
the matrix theory are in vector (10) and positive chirality spinor (16) representations of
SO(10). The action of the type IIB matrix model is conventionally expressed as

10 .
1 1 ?
S = 7 a;ﬁ_l 2 Tr [va, vs]? + 3 Tr wl CT o [vg, W] (2.1)

where v, = v%t? is a Hermitian matrix and w = w*t®

is a 32-component spinor which
has only its upper sixteen component nonvanishing. The ten gamma matrices I', form a
chiral basis of SO(10) and C' is charge conjugation matrix. The Lie algebra generators
are normalized such that Tr t*t® = §%. This action respects @ = 16 supersymmetries
generated by v, = —kTClow, and 6w = L[va,vs] [[a, D)k , where & is a positive
chirality Grassmann spinor.

We aim to construct deformations of the type IIB matrix model, which preserves Q =1
supersymmetry and U(1)® global symmetry. Since the bosonic variables that appear in the
action eq. (R.1]) are not eigenstates of the U(1)?, this form of the action is not adequate for
our purpose. The type IIB action, in terms of eigenstates of SU(5) x U(1), which provides

the right basis for our purpose, is constructed in [[f] and is outlined in the next section.



p-cell fields orientations

0-cell A 0

1-cell ZH Pt Zu e —€,

2-cell Euv —€,—¢&,

3-cell &ree &, +é,+é& =—-¢,—&;
A-cell | (zuvpos Yuvpo); ZHPT | 85 = — Ziﬂ &y —&5

Table 1: The distribution of the bosonic and fermionic fields to the p-cells of the hypercubic lattice.
Each field is totally antisymmetric in its indices. For convenience, we will also use 77 = €"P7H¢ 5,
(Zuvpos Yuvpo) = €uvpo(2°,9°), and zZMP7 = ePoz5. The cartesian basis vectors are given by
(&u)y = Oy where p,v=1,...4.

The motivation behind this construction is to obtain a finite rank matrix regularization
of N = 4 SYM theory in four dimensions. It is well-known that the TEK model is a
matrix regularization of (noncommutative) Yang-Mills theories in even dimensions. Our
goal here is to construct a fully supersymmetric counterpart of this relation. It is, therefore,
important to construct the supersymmetric matrix model analog of TEK. The TEK is
obtained by dimensional reduction of a fully regulated lattice gauge theory to a single site
by using the twisted boundary conditions. We will follow the same strategy and reduce
the lattice regulated N'=4 SYM to a single point.

2.1 N =4 SYM on hypercubic lattice

In order to construct the deformed Type IIB matrix model, we start with the four dimen-
sional hypercubic orbifold lattice. In [[], the lattice action of N' = 4 SYM is given for
both A} lattice and hypercubic lattice. Here, we will use hypercubic for convenience. The
dimensional reduction of the lattice to a single site by using periodic boundary conditions
reproduces the type IIB matrix model in the eigenbasis of U(1)® symmetry. The reduction
by using twisted boundary conditions gives the deformed Type IIB action.

Let us first rewrite the action of the N' = 4 SYM theory in d = 4 dimensional hy-
percubic lattice and establish our notation. The fundamental cell of a hypercubic lattice
contains one site, four links, six faces, four cubes and one hypercube, collectively called
p-cells. There are bosonic and fermionic fields associated with each p-cell. For a d = 4
dimensional lattice, the total number of p-cells in a unit-cell is

4
24:Z<k>:1@4@6@4@1. (2.2)

r=0

The fermions, which form the 16 dimensional spinor representation of the SO(10) are
distributed among the p-cells. The labeling of the fermions follows the name of cell that
it lives in: w ~ 16 = XD YY" © £ P © Yupe = 1 ®4 @6 S 4D 1 where each
fermion is totally antisymmetric tensor and they reside on sites, links, diagonal of faces,
diagonal of the cubes, and the body diagonal of the hypercube [24] The upper and lower



indices determine the orientation of the fermionic link field (see Table[l]). For notational
convenience and brevity, we introduce &5 = E“g%g”ﬂa and ¥° = %W‘”W.Q
The bosons, which form a 10 dimensional vector representation of SO(10) are associ-
ated with 1-cells and body diagonal of 4-cells. We have v, ~ 10 = 2H ©Z, D 2, p0 DZHP7 =
4®4®1@ 1. For convenience, we rename 25 = %pro and Z5 = %ZWW 3,
Naturally, the @ = 1 superfields on the hypercubic lattice are associated with p-cells.
The component form of the superfields and the p-cell that they are residing in are given as

0 — cell : An = Ay —i0d,

1 —cells : ZE = 2 V2098 Zun

2 — cells : Euwn = Eun — 20 Eﬂy,n (2.3)
3 —cells : Eusn = Eusn — 20 Euin

4 —cell : 72 =25+ 26045 | Z5n

where the z, , and Z5 , are supersymmetry singlets and the dy, is an auxiliary field. The
antiholomorphic functions F,, , and E,, , are given by

vn — zu,n—i—éy z1/,n - Zlx,n—i—éﬂzu,n

Eu
E,u5,n = Zu,n—f—és Zsn — ZL’J,n-i—é,izu,n . (2'4)

The antiholomorphic E functions are supersymmetry singlets as well since they only depend
on z, but not z. They can be thought as zero dimensional counterpart of the superpotential
(more precisely, the F-term)

The hypercubic lattice action may be written in manifestly Q@ = 1 supersymmetric
form as in [H*

Tr 1 _ _ 1_
S = 9_2 |:/ do <_§An89An - An(zm,nfémzm,nfém - Zm,nzm,n) + §'='mn,nEmn,n>
n
V2 = = = = ,
+ ?Emnpqrzmnvn(Zp,nfép:qr,nJréerén — Bgrn—8q—8Zp,ntém+én) (2.5)

2The idea of associating the p-cells with p-form fermions also appears as a natural implementation of
Dirac-Kéahler fermions on the lattice. See for example @] and reference therein.

3Throughout this paper, we adopt the convention that repeated indices are summed, where o, 3... are
S0O(10) indices summed over 1,. .., 10; the indices p, v, ... are SU(4) indices summed over 1,...,4; m,n,...
are SU(5) indices summed over 1,...,5. In the description of the continuum (which will be used only in
section 4.2 and 4.3 ) the indices a,b, ... are SO(6) R-symmetry indices summed over 1,...,6; and u, v, ...
are SO(4) spacetime indices summed over 1, ...,4. We hope the latter wont cause an inconvenience for the
reader.

4 The description of plaquette types and the flux passing through them are easier to understand when
we make the SU(4) indices pu,v ... manifest, However, it is more economical to use the SU(5) notation
occasionally (by keeping in mind the geometric structures that the fields are associated with). Hence, we
will continue to use both. Hereafter, we sometimes combine the pvpo index which runs over 1,...4 with
5 and use the Latin letters mnpgr which ranges over 1,...5. Mainly, we combine the four link multiplets
and one 4-cell multiplet as Z* + Z° — Z™ and Zu +Z5 — Zm, the six fermi multiplets on the faces and four
fermi multiplets on the 3-cells combine into E,, + E,5 — S, and naturally EW + E‘w — Emn.



where the holomorphic E functions are

Emn,n = (Zm,nzn,n-i-ém - Zn,nzm,n-i-én) . (2'6)

The E function is a function of superfields Z and has a 6 expansion where the lowest
component of E is the minus hermitian conjugate of E:

E=FE+00,Ey™, E=-E'. (2.7)

Notice that the last term in the action is not integrated over the superspace, yet it is
respectful to @ = 1 supersymmetry. It is not hard to show that the # component of the
last term is identically zero due to Jacobi identity, and translational invariance of the lattice
action. Hence it is supersymmetric.

The dimensional reduction of the lattice action eq. (P.F) to a single site by imposing
the periodic boundary conditions (for example Apis, = Ay) and by integrating out the
auxiliary d field yields the type IIB matrix theory action eq. (R.1) expressed in terms of
SU(5) x U(1) multiplets

Tr 1 > 2 > 2
S = |G B+ 3 e
m=1 m,n=1
A ] = Sl 0] + Loz, ] (28)

This action is merely a rewriting of eq. (R.1]), in terms of a new set of variables. Recall that
eq. (21) is expressed in terms of SO(10) multiplets, vector 10 and positive chirality spinor
16. We could have obtained eq. (R.§) from eq. (B.1)) by just employing the decompositions
Vo ~ 10 — 2™ B 7z, ~ 5D 5 for bosons, and w ~ 16 — XD Y™ D & ~ 1D 5 @ 10 for
fermions into SU(5) multiplets as in ref. [ff]. The dimensional reduction is used to set the
notation and for later convenience.

Notice that the bosonic matrix model takes a form similar to the potential in d = 4
dimensional N' = 1 supersymmetric theories. There the potential is a sum of d and F
(derivative of the superpotential) term contributions in the % + |F|? form. In the zero
dimensional matrix model expressed in manifest @ = 1 superfields, the role of F' is replaced
with the F functions and the bosonic action can be written as

&2 -
Shosonic = 5 +id [Zm, Zm] + Z |Emn|2 (29)
m#n=1
where E™" = [2™, 2"]. The deformation that we will construct in the next section will

alter F/, but not the d term.

2.2 Dimensional reduction and twisted boundary conditions

To formulate the deformed type IIB model, we start with the lattice action eq. (R.5) of
the N'=4 SYM theory in four dimensional hypercube. Then we reduce the lattice theory
to a single site by imposing the twisted boundary conditions. This is indeed the same
philosophy used in the construction of the twisted Eguchi-Kawai model [B].



The difference between deformed Type IIB and TEK is that in N = 4 lattice action,
there is a superfield associated with each p-cell. Hence, there are many gauge invariant
plaquettes terms possible, which are shown in figure f| and figure [, and will be explained
momentarily. In TEK, we only have unitary link (1-cell) fields and the only possible gauge
invariant plaquette terms are the square plaquette terms.

In reducing the lattice action eq. (B.§) to a single point by using twisted boundary
conditions, we request periodicity modulo gauge rotations g,. Let ¥ be a a generic field
associated with a p-cell on the lattice. We utilize

\I’n-i-él, = gulllnglt )
Unie,+e, = Gudv¥nglg)
Unie,+,+8, = Judvdp¥nd)gr gl

4 f
Unies = 05¥ngl,  where g5 = (H gu> ; (2.10)
v=1

and then set ¥, to a site independent value. The global gauge rotation matrices g, satisfy
the 't Hooft algebra [f]

gﬂgy = eiq)ﬂ”gygﬂ’ equivalently, e_iCDHU/Qg“gy = eiéuy/zgygp . (211)

The antisymmetric ®,,, matrix is identified as the flux passing through the pv plane. More

precisely, ®,, = 27TnN“C” where n,, is an integer associated with the integer electric (n4;)

or magnetic (n;;) flux modulo N.. Also, note that Vy,_a, = gillfng,,. The second form of
the equation eq. (R.11) is symmetric under the exchange y « v and will be more useful in
appendix. The commutation relation of g, with g5 is given by

4
9ugs = ei¢”5g5gﬂ, where Q5 = — Z D0 (2.12)
aFp
The ®,5 is the flux passing through the plaquette whose boundary is an oriented paral-
lelogram (generalization of the one shown in figure f] to four dimensions), whose sides are
the link piercing the 4-cell, and the link along the 1-cell. Such a plaquette has a non-
vanishing projection on three faces, and has zero projected area on the other three face
which are orthogonal to the p direction. Hence, the flux passing through it, is the sum

of fluxes passing through the faces, which this plaquette has non-vanishing projection, i.e,
Q5 = _Zi;éu ®,o. The two commutation relations, eq. (R.11) and eq. (2.19), can be

combined into gmgn = €'*"" g, gm by keeping in mind the definition of g5 and ®,,,.

The reduction of the orbifold lattice action eq. (B.J) to a single site by using twisted
boundary condition gives the action of the deformed Type IIB matrix model. The deriva-
tion of this action is given in the appendix [l However, the deformed action is easy to
understand on physical grounds. Here we present a heuristic argument.

First, note that the lattice action eq. (R.5) is a sum of a Q-exact and a Q-closed ex-
pression. Schematically, both types are triangular plaquette terms whose sides are bosonic
(B) and fermionic (F) Q = 1 supermultiplets. Upon reduction and appropriate field re-
definitions, all the commutators will be replaced by “deformed commutators”, where the

deformation parameter is the flux passing through the corresponding triangular plaque-
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Sezact ~ F| By, By ]|g — Fle!®™ B By — e~ B, By]|
Seiosed ~ Fi[ B, Fy ] — F[e"®™ BF, — ¢~ (0w) p, B] (2.13)

Since there are p-form supermultiplets which reside on the diagonal of each p-cell, there
are a number of possible plaquettes. The fluxes associated with each type of plaquette
will be different. We first write down the deformed type IIB action in manifestly Q = 1
superfields and by preserving the U(1)° global symmetry, and then we explain the pla-
quette structures. The deformed action, which is the main result of this paper, is given
by

1 1 . I
Sdeformed = 9_2 Tr /d9< - §A89A - A([Z,u’ ZM] + ﬂ [ZM P ,Zuupa])

p—
=)
]

+ V(e—iCI)H,,/ZZMZV _ ei<I>W,/2ZVZM)

DN | =
b

0]

I ”PU(ei(q’f“f+¢“P+¢““)/2Z“ZWW . e*i(q:‘,our‘I),uer‘I);w)/Q ZMW)UZ“)>

NoE

—
=
e

+ e (PoptPpr)/2 Z, BHP — e~ U PputPpu)/2 EMPZ,)

v

el

+ = V(e_i(q’pu‘*'q%ff’q)w""q’oz/)/? ZHVPo =

/ — (Pt Pt Pt Por)/2 = poZP7) . (2.14)

po

In this expression, the penultimate and the last line are not separately supersymmet-
ric, but their sum add up to a @-closed form and supersymmetric. The @ = 1 off-shell
supersymmetry transformations can then be realized in terms of the following superfields,
each of which is the reduction of the p-form field to a single point

A = \— fid,

20— B,

w = & — 20E,,,(2),
Eus — 20E,5(2) (E),

=4 \/591/)5 (Zyvpo)s zZ5 (ZHVP7), (2.15)

BS
o Ot
I

where Z,, are supersymmetry singlets. The E functions are given by
Euw(z) =e /233, — ti®w/23 7,

Eu5(§) = e vty Puv/2 ZpZs — eiizwéﬂ Puv /2 Z5Zy (216)
and they give rise to deformed potential of the matrix theory. The E functions are super-
symmetry singlets since they are functions of Z and not Z, and are annihilated by the only

supersymmetry in the theory: QE = 0. Similarly, the functions E are functions of general
Q = 1 superfields, and are given by

EMV — e_iq);u)/Q ZMZV _ e’icbl“,/Q Zl/zp,
EMS _ €_i¢“5/2 Zuz5 _ €i¢“5/2 Z5ZM (217)
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Zuwp A —vpo 7 Y Z"eg

Zu Zu Euv Euv

Figure 1: Plaquettes types are , respectively 2-1-1, 4-1-3, 3-2-1 and 4-2-2 following the name of
the p-cell diagonal that the corresponding superfield is residing. The blue link is link fields Z,, z,,,
red is face diagonal (fermi) multiplet =, green is cube diagonal E"#7, and black is the diagonal
piercing the hypercube, Z,, 50, 2"

Notice that, as before, E has an expansion in superspace and the lowest component of E
is negative hermitian conjugate of E, i.e; E = —ET.

The rest of this paper is devoted to the study of the deformed action eq. (.14). Even
though it is not apparent at first glance, it serves as a matrix regularization of the four
dimensional N = 4 SYM theory. This identification requires neither orbifold projection nor
compactification [RJ]. We will show how eq. (R.14) gives rise to the four dimensional N = 4
SYM theory, both commutative and non-commutative. In order to do that, it is important
to understand the structure of the noncommutative moduli space, i.e, identify the zero
action configuration of the bosonic potential and understand the fluctuations around that
background. Before moving on we want to give a little bit more detail about the unusual

plaquette structure and give a visual explanation for the deformations.

Plaquettes. The first line of eq. (R.14) is the interaction of site superfield A with itself
and with the link fields. The links traverse 1-cell and the 4-cell diagonals in backward and
forward directions and vice versa. As it does not surround any area, the commutator is
unaltered.

The second line of eq. (R.14) is a signed sum over triangular face plaquettes. It is a
face-link-link (2-cell, 1-cell, 1-cell) plaquette, 2-1-1 for short. The bosonic contribution of
this term includes the usual twisted Eguchi-Kawai (TEK). This is most easily seen by using
the polar decomposition of the complex bosonic matrices and by looking to the angular
fluctuations. As the triangular plaquettes are oppositely oriented, the fluxes comes with
opposite signs. This is shown in figure .

The third line of eq. (R.14) is a signed sum of a gauge invariant product of a cube-
hypercube-link (or 3-4-1) superfields. The 3-4-1 triangular plaquette has nonvanishing
projection to only three faces of the hypercube, hence the deformation parameter is just
the sum of these three fluxes.

The penultimate line is a triangular plaquette of face-link-cube multiplets ( or 2-1-3)
and finally the last line is a face-hypercube-face (or 2-4-2). These are shown in the last two
figures in figure . The type 2-1-3 plaquette on a fixed Euclidean time-slice is shown in
figure . The 2-1-3 plaquette in conjunction with 2-1-1 plaquettes provides further insides
and is discussed below.



|y
Figure 2: The constant Euclidean time slice of the hypercubic lattice. All possible plaquettes
of type 2-3-1 and 2-1-1 are made explicit. The flux through a 2-3-1 is the sum of fluxes passing

through its projection on faces. The color coding is same as figure E

2.3 An intuitive explanation for the deformations

Consider a fixed Euclidean time slice on the hypercubic lattice, which is a d = 3 dimensional
cubic lattice. The background electric flux ®;4 is parallel to the x4 =fixed hypersurface and
does not generate a flux for the plaquettes living in that hypersurface. So the deformation
of the action in x4 = fixed slice will be purely due to magnetic flux ®;;, where i,j = 1,2, 3.
We will show how these fluxes arises by just looking at the orientation and position of the
plaquettes in figure .

Let us consider the part of the action that lives on the three dimensional hyperspace.
The relevant terms in the action are E;;E¥|y + E* [z, B,;] where EY = [Z7,ZJ]. 5 Both
are plaquette terms, but of different nature. The first one is the sum of the closed oriented
loops on the three faces of the cube. The second one involves the diagonal of the cube
which pierces the volume of the cube, a face diagonal, and an ordinary link. These two
types are shown in the figure . The deformed action is

Bijle 1222 — i PZIZ|g + BR[Okt )27 m 0 — (PRt PR) 28, 2] (2.18)

®Incidentally, this is also the dimensional reduction of the plaquettes of our d = 3 lattice action for

Q = 8 target theory. In three dimensional lattice, we make the replacement E7* — €%y and x is a

supersymmetry singlet. See @]

,10,



The orientation of the gauge invariant product of superfields (shown in figure [) de-
termine the sign of the deformation parameter. The relative signs between 2-3-1 and 2-1-1
type plaquettes can also be understood similarly. For example, in figure fl, any of the
2-3-1 type plaquette has nonvanishing projection on two faces and zero projection on the
other. However, the orientation of the projected 2-3-1 is opposite of the corresponding 2-1-
1 plaquettes. This accounts for the overall difference of the sign among the fluxes between
these two types of plaquettes. All the other plaquette terms and deformation parameters
in deformed action eq. (R.14) can be understood similarly.

3. Noncommutative moduli space

The classical moduli space of vacua is determined by the vanishing of the bosonic action.
The bosonic action of the deformed theory, as expressed in eq. ([[.1)), is a sum of the d-term
and E-term. Therefore, the problem at hand reduce to the study of d and E-flatness, which
is a set of quadratic matrix polynomial equations 6.

Surprisingly, the zero action configurations of the deformed Type IIB action turns out
to be closely related to the TEK action, whose general solutions are well known [, Bg].
This relation is somewhat unexpected since the the bosonic deformed Type IIB action
is expressed in terms of ten non-compact, algebra-valued matrices, whereas the TEK is
expressed in terms of four group valued unitary matrices. The TEK, for a given nonzero
deformation parameter, does not possess a moduli space, but a discrete set of vacua modulo
gauge rotations. This discrete set of vacua play an essential role in the description of the
moduli space of deformed Type IIB. In the rest of this section we first review the zero
action configuration of both EK and TEK, then explore the moduli space of the deformed
Type IIB in connection with TEK.

3.1 The relation between TEK and deformed Type IIB

The construction of the deformed Type IIB matrix model, given in appendix [A], follows from
a dimensional reduction scheme which admits twisted boundary conditions. The reduction
by using periodic boundary conditions produces the Type IIB matrix model. This is in
essence, the relation between Eguchi-Kawai (EK) model and twisted Eguchi-Kawai (TEK)
model.

The EK model is a matrix model of d unitary matrices U, obtained by dimensionally

reducing the lattice Wilson action to a single point. The action is typically written as

Spx = -8 Tr(UUUIUS = 1) + he. =8 Tr |UU, - U,U,J*. (3.1)
p#v u#v

5The full examination of the classical moduli space of the arbitrary deformations of Type IIB theory
is beyond the scope of this paper. The deformations of the matrix model that we constructed are of
special type and other deformations, which preserve more exact supersymmetry such as Q@ = 2,4,8 and
bigger subgroups of the global SO(10) R-symmetry, are possible as well. For example, the Fayet-Illiopoulis
deformation, mass deformation etc. both of which makes the moduli space noncommutative. A classification
and analysis of the deformations and their consequences can probably be performed along the lines of [E]
by applying the non-commutative algebraic geometry, and would be interesting. There are also some works
exploring the deformations of Type IIB model [@] and its bosonic cousins @]
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Historically, this model had been introduced to work the large N, limit of the gauge theo-
ries [R9]. It is shown in 29 that the reduced model becomes equivalent to the full theory
provided the center symmetry (in the reduced model) is not spontaneously broken. How-
ever, this does not happen to be the case at weak coupling (large 8) [B(], and there is
indeed a remnant of the confinement-deconfinement phase transition at the level of the
matrix model. At and above the critical value of the coupling constant (3., the Polyakov
loop acquires a vacuum expectation value. The eigenvalues of the Polyakov loop become
nonuniformly distributed, and they clump.(For more recent discussions of TEK in context
of large N, equivalences see [BI], and in the noncommutative gauge theory context see [BJ])

The twisted EK is a variant of the EK model, which is introduced to prevent spon-
taneous symmetry breaking, hence is a cure for the clumping of eigenvalues. (Another
solution is quenching [BQ]) The action is altered in such a way that the eigenvalues of
the unitary matrices are uniformly distributed even at the very weak coupling. The TEK
action is given by [f]

Srek ==Y Tr (e U UUIUN = 1)+ hc.= B Tr e " ®w/?U,U, — 20,0, [7
p#v g
(3.2)

where ¢'®# is the flux factor as in eq. (B-11]). Notice that the TEK action can be thought
as a part of the full deformed Type IIB action. This can be done by doing a polar decompo-
sition of the complex matrices as z, = H,U, and looking to a configuration for which the
radial modes are proportional to identity, as in [BJ]. Freezing the radial fluctuations and
paying attention to only angular ones yields > ,, |E* |2 ~ Stek, where E’s are given in
eq. (RI7).

The twisting (deformation) in eq. (B.J) is an element of Zy, and has an important
implication. It forces the eigenvalues of the Polyakov loops to be uniformly distributed
even at weak coupling, preventing the Polyakov loops from acquiring vacuum expectation
values. The zero action configurations of TEK action are given by

Ul U) = et Ul U, (3.3)

which has well-known twist-eating solutions. These solutions are expressed in terms of
clock Py, and shift Q7 matrices given by (Pr);r = eka/Léjk and (Qr)jk = 6j4+1,k-

We consider the simplest deformations in U(NN.) matrix theory corresponding to n
units of electric and magnetic flux in z-direction. The flux matrix comes into the canonical
form:
2mn
N.

where 15 is two dimensional identity and o9 is the antisymmetric Pauli matrix. The zero

q),ul/ = 1o ® io9 (34)

action configuration for N, = L? and n = L background can be written as
U =P,®1p, U =Qr®1p, UY =1, ® Py, U =1,2QrL (3.5)

The solution is unique modulo gauge transformations. Its significance for the deformed
type IIB will be discussed in depth in the next section, but at this point it is useful to
realize that these are generators of a four dimensional (fuzzy) torus.
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3.2 The noncommutative moduli space of deformed Type IIB

The zero action configurations of the eq. () are determined by the d and F flatness
conditions

B =722, — e 2,7, =0,
E z

5 = ZuZ5 — et vy Puv Z5Z, =0 (3.6)

which are a total of eleven quadratic matrix polynomial equations. The d-flatness condi-
tion is unaltered with respect to undeformed case. The matrices satisfying the E-flatness
condition will also satisfy the d-term condition, following the analysis of [B4] . Henceforth,
our goal is to obtain the solution of the £ = 0.

Let us first recall the moduli space of the (undeformed) Type IIB theory, given by d (as
above) and E-flatness conditions E™" = [z, 2"] = 0. Solutions are mutually commuting,
diagonal matrices with complex eigenvalues. Hence, the moduli space of the matrix model

Q

eq. (R.§) with gauge group U(N,) is
M =CNe /Sy, (3.7)

where Sy, is the Weyl group of U(N.). This moduli space is a commutative one since the
matrices are simultaneously diagonalizable.

We now describe the noncommutative moduli space, given by eq. (B.§). The equation
in the penultimate line of eq. (B.6) is, in fact, the same as the equation for the minima of
the twisted EK model eq. (B.d), with one essential difference. In TEK, the U, matrices are
group valued, unitary matrices. Whereas, the 2, matrices entering eq. (B.6) are noncom-
pact algebra-valued, complex matrices. The solutions of eq. (B.J) will satisfy the eq. (B.6)
as well. Then, the solution of eq. (B.) will be of the form

2y = cuUS, no sum (3.8)

where ¢,, is a complex moduli which is associated with the rigid rotations and overall scaling
of the eigenvalues. The equation E,5 = 0 will be satisfied if

4 f

Z5 = C5U50 = Cj (H UB) s (3.9)
v=1

where ¢ is an independent complex number. The z5, apart from the scale factor c¢s, is not

an independent matrix and its form is fixed by the other four US ’s.

The space of the minima of the deformed type IIB action is therefore parametrized
by five continuous parameters, cq,...,c; and a finite set of unitary matrices satisfying the
constraint eq. (B.d). The eigenvalues of the twist-eating matrices U?, are roots of unity. The
eigenvalues of each z,, are uniformly distributed over a circle of radius c,, see figure fa).
The modulus and the phase of ¢, correspond to the overall scaling and the rigid rotation
of the eigenvalues, as noted earlier. To be more precise, for N, = L?, and flux n = L,
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a) b)

Figure 3: The distribution of eigenvalues of one of the z,, matrices. The moduli fields corresponds
to the rigid rotations of eigenvalues and their overall scaling. a) The k = 1 case. The target theory
has a U(1) gauge group. b) The k = 2 case. For coinciding ct and ci, there is an enhanced gauge
symmetry group U(2), otherwise the gauge group is U(1) x U(1).

2mik/L where

the eigenvalues of the matrix z,, are partitioned into L groups, located at c,e
k=0,...L—1. For our interpretation of the deformed matrix model as a four dimensional
field theory, these moduli modes are essential.”

Modulo these five complex numbers, and an extra unitary matrix U, 5? (which is fixed by
the other four US), the set of zero action configurations of the deformed Type IIB matrix
model eq. (B.) is same as the one of the corresponding TEK (with the same background

flux). We can express the moduli space of the deformed theory as
Mdeformed = (CS X MrgKk (310)

Here My gk corresponds to a finite, discrete set of vacua which happens to coincide with the
minima of corresponding TEK eq. (B.§) As noted in section B.1, the procedure to construct
Mg is discussed in depth in literature and books (see for example [BF]).

The deformation changes the structure of the classical moduli space drastically &,
turning the classical commutative moduli space M = C>¢ /Sy in which the eigenvalues
can take any value (without increasing the action) to a space in which there are only five
free complex parameters. Recalling the polar decomposition of a complex GL(N,, C) into
a product of a Hermitian positive definite matrix and a unitary matrix, z, = H,U,, we
observe that, in the moduli space of the deformed theory, the radial coordinates are forced
to be equal: H,, = |c,|1n,. The nonuniformities disrespecting the Zj, in the eigenvalue
distribution, in either radial or angular direction, increase the action.

"The moduli space shown in figure E was raised by Nima Arkani-Hamed almost a year ago in a discussion.
I thank him for sharing his ideas with me.

8For special values of flux, such as ®,, = 0 except for ®12, the moduli space becomes (locally) C2Ne %
C3® x MrEgxo ie, the eigenvalues in the z3 and z4 start to move freely again and Mrgro is the zero
action configuration of two dimensional TEK. This deformation can be shown to be relevant to construct
the A/ = (8,8) theory in two dimensions. Finally, when all the deformations are turned off, we recover

M =< /Sy,
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The reader may also wonder if there are other solutions to eq. (B.6) and if any, what
do they correspond to. There are indeed such solutions and the ones for which at least two

1= 22 = 0 case, it is not

out of five z,, are zero are of different character. For example, in z
possible to generate a four dimensional spacetime. As we will see in section [i.], the main
moral of eq. (B-§) is that it forms a complete basis for GL(N,, C) matrices, which in turn
becomes the basis for the emergent lattice theory. The case for which at least two out of
five matrices is zero a full basis for GL(N,, C) can not be constructed and we do not obtain
a four dimensional target theory. However, it is still possible to obtain a two dimensional
target theory. If at least four out of five matrices are zero, then it is not even possible to
obtain a two dimensional theory. The technique for the study of the full set of solutions is
given in ref. [f], and a similar deformation of the superpotential of N' = 4 is worked out

there as an example. We refer the reader to ref. [g] for further discussions.

(Ir)reducible representations. Up to this point, we have discussed the theory with
N, = L? and n = L, where D, = 2%12 ®1i0y. As we will see momentarily, this background
supports a U(1) target theory on a four dimensional lattice with L* sites. In order to get
a U(k) theory on the same lattice, all we need to do is to take N. = L?k and n = Lk. In
this case, the moduli space is described by matrices

" =C UL, where Cn = Diag (cl,,...,c%) (3.11)

m

where C,, is diagonal k x k moduli matrix and the solution can be thought as a direct sum
of irreducible solutions in the form @le & Up = Cp @ UY . Therefore, the moduli space

can be expressed as
Mdeformed = (C5k/5k & MTEK (312)

The four dimensional lattice basis in terms of zero action configurations is encoded
into M1k, and will be given explicitly in the next section. We will see how the noncom-
mutativity of the moduli space is tied to the noncommutativity of lattice base space.

Before moving on, we want to make one more observation. Geometrically, the k = 1
describes the eigenvalues residing on the surface of a four dimensional (fuzzy) hypertorus
T4, For k > 2, there are multiple, concentric fuzzy tori T?, see figure Bb). When these
concentric tori are on top of each other, there is an enhanced gauge symmetry group U (k).
If all of them are separated, the gauge group of the lattice theory is U(1)¥. This phenomena
is same as the emergence of U(k) gauge theory on a stack of k D-branes wrapped on a
hypertorus. We will comment more on that in section [

4. The emergence of (noncommutative) base space

4.1 Fluctuations

In this section, we show that the deformed Type IIB action eq. (2.14), without any orbifold
constraints whatsoever, is a lattice regularization of N' =4 SYM theory. The emergent lat-
tice is noncommutative. However, depending on the deformation parameter, it is possible
to find two continuum limits: one is regular N’ =4 SYM, and the other is its noncommu-
tative counterpart.
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Let us start with the deformed Type IIB action eq. (R.14) with gauge group U(N,)
where N, = L2k and with the flux matrix b, = 2%(12 ®i09). In section @, we found the
zero action configuration of deformed type IIB. We will analyze the bosonic and fermionic
fluctuations around this background. To do that, we decompose the bosonic matrices into
fluctuations and background as

2" =Z,U% =2"D,, no sum (4.1)

where U2 is a background field configuration and 2™ are fluctuations around it. The change
in naming of the background is due to the physical interpretation, that the U2 will have
momentarily, as displacement (discrete translation) operator on the lattice. Substituting
eq. ([£1) into the bosonic part of the deformed action eq. (R.14)) yields

i

where the phase factors disappeared upon the use of the eq. (B.3).

5

~ ~ 2

> (D}, Zn Do) (D}, " D) — zmzm]) + 3 [F(DwE D)) —m o nf?]
= m,n

m=1

Tr
Sy = —
2

(4.2)

The fluctuations entering the action are U(IN.) algebra valued and are conventionally
expressed as Z = z4t4; A = 1,... N2; where t4 are Hermitian generators and satisfy the
standard commutation relations [t4,t5] = i fABC t¢ . Instead, we will use a basis which
makes the mapping of the N, x N, (where N, = L%k) matrix into U (k) fields on L* lattice
clearer. We introduce J, = e~ (Prr2psp) /LU0 )P (UD)P3 (U9)P4, where p, = 1,... L
which form a complete and orthogonal set for L? x L? matrices, GL(L?,C). The Jp basis is
identifiable as the dual momentum basis for the lattice and p is an integer vector labeling
points in Brillouin zone, Z%. By a Fourier transform, we construct the coordinate basis

Ap, where

1 .
A, = ﬂ Z Jp627rzp.n/L (43)

4
pGZL

Hence, we can express the map between a Z fluctuation matrix and fields in the L* dual
momentum space lattice (or equivalently L* real space lattice ) as

N

N,

kQ
zZ= 2Ath = Z Z(ta ® J[T,)zg = Z Zp ® J;L or zZ= Z Zn @ Ap (4.4)

A=1 pezZ} a=1 pPEZ} nezi

o

We are essentially expressing a GL(L?k,C) matrix by using complementary complete basis
matrices, Jp € GL(L?,C) and t* € GL(k,C). Notice that this representation makes clear
how color degrees of freedom of the deformed matrix theory turns into a noncommutative
space time in the lattice theory. The properties of the basis matrices are given in [Bj]. The
beauty of this basis is that the zero-action configurations D, = U S acts as displacement
operator on the position space lattice. Namely,

Dy (An ® 2n) D}, = Ap_g, ® 2n (4.5)
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This relation provides a nearest neighbor interaction on the lattice. By using the orthogo-

nality of basis matrices Jp and eq. ({.5), the bosonic action can be expressed as

Tr 1 _ _
e ] L 3 s
neZ%

m m,n

(4.6)
This is indeed just the noncommutative generalization of bosonic part of eq. (R.5). Per-
forming the same analysis at the level of superfields, it is easy to show that the deformed

Type IIB action eq. (R.14) may be rewritten as

Tr 1 _ _
s=% Y / d@( — S Anx BAn — A x Goun o * Zonn o — Do * F)
n

~—

+ §Euu,n * (Zu,n * Zu,nJréu - Zu,n * Z,u,nJréV

+ E,ut'),n * (Zu,n * Z5,n+éﬂ - Z5,n * Zu,n—l—és)

Q P =

+ 5 Ewn* (Zpn—s, * Bosnte,té, — Sobn—8,—o5 X Zpnte,té,)
V2 M po = > = = >
+?6 S X (35,n7é5 * Sponté, e, — Zpon—=&,—&, ¥ z5,n+é#+éy) (47)
The lattice star product is defined by
1 —Ari (j—n)A(k—n
e > Wy Wy e pdo U (4.8)

Jk
which is a non-local product and ¢’ = 2/L is a dimensionless noncommutativity parameter
on the lattice.

4.2 Classical spectrum

The action eq. (Q) has no explicit lattice spacing, but it has a classical moduli space
for which the bosonic lattice action vanishes. The distance from the origin of the moduli
space is identified as inverse lattice spacing, and hence the continuum limit is defined as a
trajectory out to infinity in the moduli space.

The zero action configuration of the lattice corresponds to site independent diagonal
matrices 2, n = Cm, = Diag (cl,, ..., ck,), hence the moduli space is given by M = C°*/S,.
Notice that this is (and has to be) the moduli space of the deformed Type IIB action, as
eq. (JE7) is merely a rewriting.

We expand the action around a U (k) gauge symmetry preserving, hypercubic spacetime
lattice point:

1
=Zn=—1, 20 =Z5n=0 (4.9)

We use a cartesian decomposition of the bosonic matrices around the point eq. (JL.9) as

. _ 1 1 + Smn + iV, n P S57n + Z‘S(;,n
©u,n \/ia k \/5 I 5,n \/5

(4.10)
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where S and V are identified as six scalars and four gauge bosons of the target N = 4
supersymmetric Yang-Mills theory.

The classical spectrum can be found by diagonalizing the kinetic terms, similar to the
appendix B in [[f]. This can be done by introducing the Fourier transform of a field ¥y,

1 .
U, = 5 Z ePaY (4.11)

pEB.Z.
where the p, = %_Zﬁﬂ € [-m/a,m/a) is discrete momenta in hypercubic Brillouin zone

(B.Z.), and p,, is integer in the range [—L/2,L/2). This diagonalize the kinetic terms for
the bosonic action

6
Tr
55 O[O SapMiSe—p+ VipGuupVoo] (4.12)
g pPEB.Z. a=1
where we define
2 . ap/.l 2 . 2 2 —ia(pu—pv)/2

Pu= M T My = ZPAL’ Gup = Mgou — P, Pye 4Py (4.13)

pn=1

The six scalars are degenerate for a given momenta and have eigenvalue Mg. The eigenval-
ues for the gauge boson matrix G, are a three fold degenerate Mg and zero. The zero
mode of G is the consequence of gauge invariance. The essential point here is the absence
of doublers in the bosonic spectrum, Mf,, which is only zero at the origin of the Brillouin
zone and which reaches its maximum at the corners. The exact supersymmetry implies
there are no fermion doublers either (see [[[Z] for an explicit analysis.) The absence of the
fermionic doublers is also a consequence of associating the sixteen fermions with the p-cells
of the lattice (see [24]). ?. In the continuum limit, which is defined by

a—0, L— o0, La=fixed, (4.14)

we obtain P, — p, and MFZ) — p? and Guwp — (p26w, — pupv) correctly reproducing the
kinetic terms of bosonic action.

Moduli space: A second pass

We reconsider the eigenvalue distribution shown in figure | and make various obser-
vations. For simplicity, consider the case £ = 1. In finding the spectrum, we expand the
fields around the point eq. ([£9) in moduli space. This means setting Cy = % and c5 = 0,
where a is interpreted as the lattice spacing. Turning on cs is related to deforming the
hypercubic lattice to the A% lattice and tilting the 7%, and we ignore this possibility for
simplicity. Consider the eigenvalue distribution on the circle shown in figure [, which is

9Notice that the spectrum eq. (f.19) is not the same as the spectrum of A} lattice, given in [E] This
is due to difference in the lattice structures, ( Aj versus hypercubic ), and consequently their Brillouin
zones (A4 versus hypercubic). This is analogous to the difference in the acoustic phonon spectrum of body-
centered cubic and simple cubic lattices in solid state physics. However, in our case, the long-wavelength
limit of these two lattice theories coincides and become the A/ = 4 in four dimensions.
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one of the directions on fuzzy T* on which eigenvalues are distributed. The circumference
of the circle is

2me, = n (4.15)

a

which is, in fact, the extent of the Brillouin zone in the p direction. The separation
between two nearest-neighbor in moduli space along the circle (geodesic distance on the
torus) is given by 2mc, /L = % and this corresponds to the minimal lattice momenta. The
geodesic separation between two eigenvalues separated by p, € [—L/2,L/2) units is given
by py = %P, € [-m/a,7/a) and is the discrete momenta in Brillouin zone of hypercubic

lattice. As a last remark, notice that the external distance between the same two points
2
a
limit is taken as a trajectory out to infinity in moduli space, by keeping the volume and

as above is < sin a%, the acoustic phonon spectrum in one dimension. The continuum
four dimensional coupling constant fixed. Hence, the circumference of eigenvalue circle in
moduli space (and extent of the Brillouin zone) becomes p, € [—7/a,7/a) — [—00,00).
It seems natural to interpret the four dimensional torus that the eigenvalues reside as the
Brillouin zone, and the action as the momentum space action, with momenta summed over
the Brillouin zone.

In the derivation of eq. ([.7), we used a Fourier transform, which took us from mo-
mentum space representation (Jp) of the lattice to the position space representation (Ay).
Hence, the inverse extend of Brillouin zone (divided by 27 ) becomes the UV cutoff. The
inverse of minimal momenta (divided by 27) becomes the IR cutoff (La), the size of the
spacetime torus. The four dimensional target field theory lives on this spacetime torus,
whose extent remains fixed as we take the continuum limit. It should be emphasized that
the target space is not the space that the eigenvalues reside, but its Fourier transform.

4.3 Localization of interactions

In this subsection, we will describe the circumstances under which the non-locality in
eq. (1) disappears and the interaction becomes local in spacetime. Upon that, the con-
tinuum limit of the action becomes the same as the continuum limit of eq. (R.5) and
reproduces the N/ = 4 SYM in four dimensions. Since the calculations are very similar
to [H], they will not be duplicated here. At the end, we also comment briefly on the
non-commutative spacetime limit.

The interaction terms of the lattice action eq. (f£7) are non-local, involving a sum over
all lattice points. In the continuum limit, the star-product becomes

Uy (w) x Ua(w) = /d4x dty U (x)K (x —w,y — w)Us(y) . (4.16)
The kernel of the integral is
1 —92 _ @—1 j2% _ v
K(X — W,y — W) = me Z(x W)#( ) (y W) (417)
and the dimensionful noncommutativity parameter is given by
L0’ ,
Ou = 5 (12 x i02) - (4.18)
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Let us consider the continuum limits in which the volume of the target space is kept
fixed. The length scale associated with noncommutativity is the square root of ©15, denoted
as v/O for short. Then, for vO/(La) — 0, i.e, the limit at which noncommutativity goes
to zero, the kernel localizes sharply and becomes a Dirac delta function:

Kx—w,y—w)—=dx—w)iy—w), (4.19)

yielding a local product out of the star product. From the spacetime point of view, trading
the nonlocality of the product of functions back to spacetime noncommutativity, this limit
yields a commutative spacetime. This is certainly an interesting limit as it reproduces the
ordinary N' =4 SYM target theory.

Explicit calculation shows that, in the continuum limit, we obtain the action of N' = 4
SYM at tree level.

S = % /d4:c Tr (Vi Vi (DS~ 1S S+ 507 € (D Tyotilasa S, )

(4.20)
where D, = 0,,+i[V},, - ] is the covariant derivative and V,,, = —i[D,,, D, ] is the nonabelian
field strength. The SO(10) gamma matrices I, are basically a reshuffling of the gamma
matrix basis introduced in eq. (R.1). They are given as IN’“ =T, Tutm = Dspm, Lo =
I's, following the conventions of section 2.2 of [i]. The charge conjugation matrix C is
unchanged with respect to eq. (R.1).

Even though the deformed type IIB theory eq. (R.14) , hence lattice theory eq. ([£7),
possesses only Q = 1 exact supersymmetry and a U(1)% global symmetry, the target theory
has full @ = 16 supersymmetries and manifest Lorentz invariance along with a global SO(6)
R-symmetry.

We believe it is also possible to obtain a lattice action and its continuum for the product
gauge group [[, U(k;) where ), k; = k by expanding around a point in the moduli space
given by (zh) = ﬁlk + (®icilg,). In the continuum limit, we take the lattice spacing
to zero by keeping ¢;’s fixed, which produce a [[, U(k;) gauge theory. It is desirable
to know whether one can obtain a lattice or matrix regularization for orthogonal and
symplectic gauge groups by either performing an orientifold projection on the orbifold
lattice or (deformed) type IIB matrix model (The symplectic type IIB is discussed in [Bg]).
Such constructions may be useful in nonperturbative study of electric-magnetic duality

B-

Noncommutative continuum limit. We believe it is also possible to obtain the non-
commutative continuum A = 4 theory with the appropriate choices of the background flux

matrix ®,,, and hence appropriate zero action configurations U, 8, for example the ones

s
given in [[]. In order to achieve this limit, one needs to take 6’ fixed (hence © fixed)
along with a fixed finite volume. In this case, there is a nonlocality of order v/© in the star
product of the continuum theory. At distances longer then /O, the interactions effectively
shuts off because of the fast oscillation of the kernel. The action of the noncommutative
N =4 SYM target theory can be obtained by replacing the product of fields in eq. (4.20)

by nonlocal continuum star product given in eq. ({.16).

,20,



5. Collective excitations of D(-1) branes as D3 branes

The results obtained within this paper can be interpreted within the string theory frame-
work. In order to do that, we need to specify the world-volume theories of the corresponding
D-brane configurations. The type IIB matrix theory eq. (.1) describes the dynamics of a
cluster of D(-1)-branes (which are sometimes referred as D-instantons). These are points
in ten dimensional Euclidean space. In this sense a Dp-brane is a p+1 (Euclidean) dimen-
sional hypersurface. The main result of this paper may be interpreted as follows: Upon
deforming the type IIB matrix theory, a particular collective excitation of D(-1)-branes
becomes the classical vacuum state of the theory. Essentially, the D(-1) branes, instead
of being at some random points on the moduli space of the undeformed theory, lie on the
surface of a four dimensional torus 7. Analyzing the fluctuations around this D(-1) back-
ground yields N' = 4 supersymmetric Yang-Mills theory, which is the world-volume theory
of a collection of D3-branes. Hence the D3-brane, which is not present in the fundamental
description of the theory, may be considered as an emergent brane. In the rest of this
section, we will describe these statement in a little bit more detail.

The type IIB action eq. (R.1]) (or eq. (B.§)) with gauge group U(N,) describes a col-
lection of N. D(-1)-branes (see for example [BJ]). This theory possess Q = 16 supersym-
metries and a global SO(10) symmetry. In the latter form of the action eq. (2-§), only the
SU(5) x U(1) subgroup of SO(10) is manifest. The commutative moduli space is (locally)
RIONe (or equivalently C5Ve). The eigenvalues of these matrices (v, or 2™) are identified
as position of D(-1) branes. In this framework, the D-branes are pointlike objects on the
moduli space.

The deformed Type IIB action eq. (R.14)) is a supersymmetric deformation respectful to
a global U(1)> symmetry and Q = 1 supersymmetry. The deformation renders the moduli
space (defined by F and d-flatness conditions given in eq. (B.6])) a noncommutative one, and
forces the eigenvalues of z,, matrices (the D(-1) branes) to be uniformly distributed on a
circle as in J. However, as the matrices z1, ... 25 are not simultaneously diagonalizable, the
positions of the D(-1) branes are indeterminate and they lie on the surface of a fuzzy four
dimensional torus. The classical zero action configuration, given in eq. (B.§) and eq. (B.9),
is a collective excitation of D(-1)-branes and is responsible for the emergence of higher
dimensional branes out of the deformed Type IIB matrix theory. Also notice that, the base
space of the target theory is not the space that the eigenvalues reside, but the dual space
obtained by Fourier transform eq. ({.3) in section [L.]. The continuum limit is taken by
keeping the size of this dual space fixed. This is similar to the Seiberg-Witten limit where
the open string metric and coupling constant rather then the closed string parameters are
kept fixed B9 (also see [, L))

It is also reasonable to ask which supergravity field or type IIB string theory field may
be responsible for this excitation of D(-1) branes. To answer this question, let us first recall
that the world-volume of a Dp-brane couples to a (p+1) form potential AP+ given in
the form po AP or explicitly as fA“l“'“P“Zi—‘: e %eil“'i“ldpﬂa, where x,, are
world-sheet coordinates and the integration is over the world-sheet of Dp-brane. The D(-1)
branes, whose world-sheet is zero dimensional, couples to a zero form. The configuration
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we consider above carries N, units of D(-1)-brane charge. Moreover, the fact that the
matrices z,, do not commute with each other can be interpreted as the existence of higher
dimensional branes in the system (see [R7] for a review). In our case, the emergent higher
dimensional branes are k& D3-branes wrapped on a four dimensional spacetime hypertorus,
where k is associated with the rank of the gauge group U(k) of the target theory. It is,
therefore, tempting to think that the deformations introduced in eq. (R.14) on the matrix
theory side corresponds to turning on the RR five-form self dual field strength F®) on
the type IIB string theory. The F®) arises from a four-form field A® which, as noted
above, couples to D3-branes. The emergence of D3 branes can be thought as a special
case of the dielectric brane effect introduced by Myers, which is analogous to polarization
of a neutral atoms in an electric field [i]. Similarly, the collective state of D(-1) branes
can be thought of as analogous to the emergence of a dipole upon the application of F'®)
field. However, the argument we have given here is incomplete as it does not specify the
geometry or topology of the emergent object. For example, if we were to construct the
analog of N/ = 1* theory in four dimension [[J], i.e, a mass deformed matrix theory [[£,
the emergent brane would be a (euclidean) D1 brane wrapped on a two sphere S?, whereas
the deformation discussed in footnote 8 gives a D1 wrapped on a two torus 72. Both
of these can be thought as polarization of D(-1) branes. The difference is similar to the
emergence of dipole or quadrupole moments upon the application of appropriate electric
fields. Certainly, the string theory realization of the deformations warrants further study.

It is also possible to recover the known membranes constructions appearing in Type
IIB matrix theory from the large N, limits of our formulation. Let us recall the zero
action configurations z, = CMU;(LO) and restrict our attention to the small fluctuations of the
U,SO), and small ®,,,. Then the conditions describing the vacua U,SO)UIEO) = ¢! ®Puw Uﬁo) U,SO)
become [X,,, X,| = —i®,,,
fluctuations. The latter equation does not admit a solution in terms of finite matrices, and

which describes (locally) a planar membrane, where X, are the

is usually considered to be associated with the existence of a D(p+2) in a system of Dp
branes. However, notice that such a configuration is not stable within the Type IIB, but its
decay is is suppressed in the large N. [RJ]. The zero action configurations of the deformed
type IIB, on the other hand, admit solutions in terms of finite dimensional matrices, and,
more importantly, are stable (This point is also emphasized by Dorey [[{]). It is also worth
mentioning that the analogs of a planar membrane, in the notation of eq. (R.14), is a Fayet-
Iliopoulis term, given in the form of a d-term deformation ( Tr [ df A = —( d, where ( is
the deformation parameter. This alters the d-flatness condition into 3> | [Zm, 2™] —¢ = 0
which only admits solution in terms of infinite dimensional matrices.
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A. Derivation of deformed type IIB action

In this appendix we show that the dimensional reduction of the lattice action eq. (R.5) to
one site model, by using the twisted boundary conditions eq. (P.10), gives the deformed
type IIB action eq. (R.14). We will first perform the reduction. However, this will produce
some extraneous gauge rotation matrices, which we will get rid of by appropriate field
redefinitions.

The first two term in action eq. (B-J) reduce to a form

Tr |5 A%~ Allgh ). (Zngu))| (A1)
which has no flux terms. This is due to the fact that the interaction of site fields with the
link fields does not surround an area.

Next, we consider the interactions of fermi multiplets E,,, with holomorphic E™"
function. First, notice that the 6 component of the =,,, fermi multiplet is a composite
field, and upon reduction it becomes

zm,nJrénzn,n - 2n,nJrémzm,n - (gnzmgl)zn - (gmzngin)zm

= 9ngm (9 Zm) (91Zn) = Gmgn(937n) (9} Zm)
= gmgn (7 (9},2m)(910) — (9120) (95, Zm) ) (A.2)

where we used 't Hooft algebra. Hence the third term in the action becomes
Tt [Enn BR"ly = T |(9h9hZmn)[ (2790 (2" g0) = ¢ (Z79.)(Z7g,)]| | (A.3)

Even though we combined the two terms =, E*” + 25M5E“5 into E,,,E™", these are
plaquettes of different types, namely a 2-1-1 and 4-1-3 types (see figure [l).

We are done with the @Q-exact part of the lattice action. The @-closed part of action
includes plaquettes of two types. One is 4-2-2 type, shown in figure [l| and the other is 3-1-2
type shown in figure ] and more explicitly, in figure . The first type involves triangular
loops composed of the 4-cell link field and two 2-cell fermionic links. The second type
involves a 3-cell fermionic link, a 2-cell fermionic link and a bosonic 1-cell link field. Let us
first consider the first type and its reduction. Using the action eq. (R.5) and setting p = 5,

we obtain
V2 ee - - - _
?E“Vpozl,uu,n(zin—v% Spon+&,+8é, :‘pa,n—ép—éUZS,n—l—éu—i—é,,) -
V2 o i} - - _
5 " B ((937595) (9490 EogLgl) — (91958 009095) (9u9v759L9L))

V2 pos bt _ = = .
< (99 B ((9§25) (959u9v9090) (95.9)E po) — (gig,i%a)(gpgagugugs)(gézs]))(A-4)
In this expression, since the combination (g59,9.9p9-) = Ruvps appears with 7 tensor,

with the use of the definition of g5 eq. (R.10), we see that it is proportional to the identity
matrix and can be pulled out of the parenthesis. By using the 't Hooft’s algebra eq. (R.11)
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in the reordering of the second term, we express eq. ([A.4) in a simpler form as

\/5 . _ _ _ . — _
S B (091 ) ((9375) (9} 9Bpe) — ot oot ®o) (gh gl ) (9125 )

(A.5)
where the exponent is a sum of the fluxes passing through all surfaces but uv and po.
The 3-1-2 type plaquettes in Sgoseq can be obtained by setting p # 5 in eq. (E)
Following very similar steps to the reduction performed above, we obtain

Q o=

4 3 ‘—‘;,Lll,l’l(zp,l’lfépEUE),l’l‘f’éu‘f’éu

V2

=5 € Rywpo (9591 w) <(9£2p) (gL98 Eos ) (Pont o) — (9§93505)(925p)> (A.6)

— So5n—8é,—8és5 zp,n+é#+él,) -

By doing a field redefinition, we can easily remove all the gauge rotation matrices. An
appropriate choice that we can read off from above considerations is:

g;ran — Zm, ngm - Zm’ g;rzg;rnEmn — Emn (A7)

The action of the deformed theory takes the simple form:

1 1 _ 1_, ; V2 ., _=
Sa= 2 Tr [_ﬁAaeA—A[Zm, Zm]+§:mn(zmzn_ez¢ngnZM)] P € Ruwpo B X

(@t D) B ei(ép#+<1>py+c1>w+<bau)Epag5) (A.8)

X [(Z, Bose’ —E552p) + — (25 BEpo
where the usual commutators are altered to commutators involving fluxes.

However, the above form of the action is not completely satisfactory. First, there
are phases R, in second line of eq. (A.§), and second, the redefined variables are not
perfectly antisymmetric. For example, the redefined E,, # —Z,,, but £, = —e 1wy Eou
In fact, our redefinition of the fields does not respect to the antisymmetry of the p-form
fields (or it only respects up to a phase factor). These two problems are indeed tied, and can

be cured by a better field redefinition which makes the antisymmetry properties manifest:

—i®,, /2 = —_
e V,u/ gigL_,MV — =puv
eil(cpaerq)m’+¢pu)/2gogpgl/ayp0 - Eupo
efl(q)gp‘f"i)o-u+‘1)o-p.+q)p1/+q)p,u+q)l/#)/2go_gpgyg“Z'U‘VPU —_ Z'U'UPU . (Ag)

By using the fact that the combination R, s e U Pt Pupt®uotPuptPuo+Pp0)/2 ig 5 constant
phase, and some simple algebra, we obtain the action eq. (R.14). This action, as already
stated, is a @ = 1 supersymmetry, and U(1)® global symmetry preserving deformation of
the type IIB matrix theory.
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